"J, F - "L
P'_:E‘ o 009/12/12:
| R BIFHXZH EFEE
— -" En SZE A-rith
WH g X (EEHENEEXF)




1959%
1965%
1967%
1970%
1972%

19704
19834 [EiE-
19774

Fh D % P

B AR EFERE

HAHFDLEF
R RAKKFRHEE
RIXF[EiELT

ﬂm FEA

ZE(EEXETOE?)
Eﬁnﬂ1 1+ zF

IRIEEHAMENFO LIRFE

~77E B KE

:(ﬁ‘zd):'
~864F : FEXRFENEEITHEZF BEIR BT

1

FHRMREFEREFH = F

HEFEL(E IE ZHICHITAZE=MITDOHIR)

= Al “M_L/":IJ* = 0 Al 2 28 = AR AT)

1986F ~2006%F KRFEARt4—HEHREDLIS

- — —_ _ A

:~T4E B

—-‘_l_l_

IESH

EXFHIR (K FIRES

)



oI HIZLDTAMHFEE (£
RIARZEZT)



AR SN B BRI (1970) BED RIEMAISAT 3

®Yanai,H(1973) Aptitude Diagnosis for various courses of universities,
JapaneseJ of Psychological Research, 14,190-204

@ F A X (1973)BEEZWI-E T 2ZW AR (1) XKFD8ADFEMFFADELD
M- HBFDIEBEZEHE. 21438

OEARL - BAER M (1974) LW ERHETHPHER DS54 1T B B
kel

e
B, HAL

@OHNFrE K- AR FE
FRIZDULNT, I

3t

X" = E&XCH 092) RIREFRE FHDI-HDOEFEEICET

. 29&7 5.

Hs‘z
55

.

36&
wp
?-.'E:In}

T4
- [E (1987) 7Oy RAEEREICKDFEIEIEEDE
it 35

4«}“
&:}m

OFE £ ERF - HHi 1990) 7AY Y RAEEREIC L HHTIEIRIREBE D

JﬂZL’DL\’C [

:mHi'
H
f@HEEHﬂ [%E“H

Jj0

- FAAREK
5

(
7. 58%3

ﬂi]E



HY 3 WE RVoOSFNER - SRR L s

=l 3.7 &1, 8682, 883, 84EFBTF(CXExDH=S"7
. E=2 - 29 <ES T EEFIH N> A< - ERIEFR ———

(AR oD 200D (Wt oD RN )

e —
S~ e
~N

- Sieer 1
Teofas 8,7

JL

e}

[E3 6 3

f ] s

| 2

TTITIITTTY

Fh=FEHk (T A RBAR) <ZF VUK T 74200 B B2 oo A EHE

£ : &

M3HEEX (1967) BB H1T DU A DA
KEDIDDHRADEMELE () KB DEFHIRI5E3

=
—




eeersn e A AR R C1987) R maaaeer

Table 1-a Table 1-b
Factor pattern cosficients of 120 lterss by means of Promax rotation (1) Fagtor pattern coefficients of 120 items by means of Promazx rotat
BHF WE&HH 5 [ T 2 2 i 11 12 #an EF HA®S 1 2 3 4 5 6
118 —p8 0y 16 —0& 02 06 12 —0L 562 54 0§ =07 -
* 114 —08 —08 13 11 =16 13 —03 —00 565 108 rEEEE - Eetow R REen IETEL
s I 12 —07 =01 03 05 =01 —12 —02 ddhi & 41 2 ol 05 —04 0l 14
105 13 —07 05 03 —05 —00 12 05 454 B 2 -0 12 —14 30 08 =00
% 27 ~14 01 0 07 —b60 12 23 0% 429 15 7 038 —25 02 —01 —03
o 66 —01 =07 17 =00 =10 02 =10 7 471 o3 93 20 =11 =05 —08 0B 11
e 0 —14 0% Fi 03 =01 —0F 05 =09 T o] B0 16 =00 =00 a7 —o03 20
= 40 =12 02 04 =11 =04 L1 10 =03 3Tz 67 0 10 =—ar —oB 05 =12
3 92 —i2 o0& 21 05 1l 292 L3 119 -0 —03 03 —03 24 -2
53 —14 —08 13 =04 Db 456 2 oz —o2 20 06 0T 02
2t —12 2 —04 nO 08 562 3 —14 08 —0% 03 —14& 09
103 -0l —0I 06 05 D§ 413 121 oy 04 —03 —08 —08 0%
m 129 —-05 07 o7 -0l 02 499 # 4 g2 —03 —0L 19 03 —08
& 12 —10 05 11w o7 414 B 43 oL —13 12 05 0 10
5 B2 03 17 8 14 agr 56 —11 =07 01 2 06 —0B
X 38 20 22 —01 03 13 413 -3 17 08 —03 —0I —11 —1t 08
R i -8 18 04 =08 =03 340 El 69 =0l 06 =02 12 —07 =13
77 p2 =01 =07 03 -0 375 a2 —-10 OF —08 36 —04 —0D
[ 3 116 08 25 19 08 =05 293 L3 108 14 —11 14 19 1§ —o2
Bo 1oy 16 18 - 270 o5 24 —14 20 1L 03 —1p
102 B —03 04 16 07 417 52 —15 =08 12 —11 01 =03
115 11 01 16 03 s 1 13 o6 of 02 —02 —23 1l
& £0 04 —09 00 M =03 504 130 s 14 03 06 =06 Ol
w 24 -1z 08 0§ -02 0l 344 5 30 1 o2z 08 02 1 o
128 =i 26 —03 oF e 37 = 7B —18 13 03 04 oe —1%
= 89 —11 08 07 —06 07 66 # 26 -0 27 2 —10  0s =03
R 1 b 20 —02 08 D6 FEE 1 51 10 22 18 =08 15 —03
37 08 01 B85 04 0O 411 E 104 05 07 ™ 00 0§ —03
3 76 —17y D2 06 17 0% 29 02 14 2% 03 06 —O7
53 —0f D9 —02 =06 11 404 117 —17 16 2 05 13 03
3 13 —4 02 10 =03 568 120 U212 1 w05 07
5 14 =01 02 14 =D 541 = 29 p: 0l 06 0 0B 0P
2 73 17 =06 04 01 13 312 42 I 12 —02 —04 =1l 03
= 9 =07 —04 =07 =12 03 aTd = 07 -8 —0F —04 05 —I6 05
L] 125 —03 D& —i04 04 =02 289 " 3 0l oY =03 0L =23 03
Ly 112 —bl 16 =03 —07 02 302 81 00 =0l =07 0L —12
ke 86 16 —04 14 08 —01 261 K 16 M 16 =12 08 —04 0
R 47 -0l —i0 05 14 —0d 220 * b4 0 —13 =08 19 24 1l
L 34 15 —07 00 19 02 215 o8 03 —07 —02 14 21 —06
2l 0F 23 12 =16 1l 344 55 03 =) 18 18 =08 12
22 oL =00 —12 0 0l 401 1y -0z G0 —02 03 W O
87 —p1 —I8 15 08 o7 323 o 49 —Qz =03 06 03 03 06
b 74 g2 03 =12 b4 =07 363 3 -0 —06 1o 1% 10 —04
= 100 —1l 07 —08 06 —06 416 % 62 —02 0o 08 —05 20 02
113 —1 23 =07 —03 M 344 ™ 114 ng 12 13 04 —on 05
= H —og 11 =07 2207 a5 e 5 oro—m 12 03 02 05
R &1 =11 15 04 =03 —09 444 R 10 —27 =12 =04 —14 0B 03
48 o —03 —06 20 —09 281 o BA —03 08 01 -0 2 0l
= 126 —07 16 =15 10 —02 56 23 M 07 —01 09 09 o4
35 =03 —03 24 —03 =M 241 101 -2 11 =04 =02 15 03
57 o7 =00 02 08 —0§ 473 110 —00 10 05 —=0I =07 0l
) —08 o0 06 11 ol d67 " 45 =15 —14 =02 05 OO 04
] 108 p3 —05 07 =08 Ol 444 # @2 -1 1z 05 -0 19
a, 96 —0§ 13 —07 11 ol arz = [ -8 12 of -0l 23 -2
al —ig —07 08 02 04 340 " 123 =01 =18 05 02 03 02 =06 —0F —02 —03
= 83 16 05 08 47 10 428 19 06 21 05 —03 —15 02 08 o7 —05 —15
R 5 gz 07 06 1z @2 352 R 9 06 20 04 —10 13 —03 oF 05 oL —03
1% 06 —08 20 —02 18 381 & 54 W —02 —i4 18 =10 06 —08 —12 —02 O
He ™ 506 21 =05 I& 335 32 —4 16 05 —05 08 14 14 —04 =10 05
23—l 05 04 03 293 Tl 16 i) 03 OF =08 11 —i3 =12 =15 04

122

g m - b o e e ok v o Ed s P WA T AN el =R



THI(EAKR: g2 K-H1H:1974)

e THIN12REL, TALNDAR -ERS LU X

DOBRERF B OARDZDL, #EITHY L, BEAEL-FL-[FAPYT S,

BHES, AR, B-olXVEE, FRERER

QMERIFRLANLL, RIKNHS, €F, KLoAIHDB, BHARDHE

Q@ BEEERENTB -, BS-CAFLALES,

BAEWN-FTMY 545E

@ OFELAIIFEAHND, ECEDRMNEN, BT 5, ORNHS,

He(ER R, &, Eas

GHILBBDEALEL, HBL, H1-nbd, TH, HIEFRGEE SaIBELNAN KLY

e OERBEMTEHVLWVST D, hviid, ZATICTHT S FERBENSLVEL,
BEX-EFEERE

e QDEBMEBNESKAELLMER, BNEWVW DL TERELHIER,
ZTD=HITEZE > TLEMER FRMEVALNLVIETETHREIE

o BRETREMLL-ELI-CENTITHS, (k<& T B, KET S,
[ENT B, [IDITENDDEE

o OMEMEIMM, B8 TSHALL, BENLZLVGEE BEMNMENAM KL

. AR, RITKEL, PWOIESTINT, B \
AESLHAIELEL, BAYTLHLGE, (DB E, BB, WE —#IZIEE RGN

B9 EHDE LG
o () MREE MEE, DEM FFHE DEICEHER [STIHLLVGEE —BIZEFEZAGLN
ETEDHLAEN

o WMEFFRAMEENDOFHEY, BEATHATHEHRE, BT,
AOZH0, HESHDNDLLVEE, MHMEDAEFE JFRMEVLAMN LN

o EFDMIC. LDEEERRE, HREERENHD



RFETODFEICHLEG2ITOEE—FT D1

. BADEZZMDNIZHMYOTEETENTEL(HERITEH)

. PG BEETELGWI LG TEDOETERT S (BHERID)

M ANEBALLEDN B OCERZTEDH D EMNTES (HERTE)

. BB REFE T, ARCHEICEENTS (FRHLEIREE)
BrORERZEBREL. BICTREDE hZzkITH(GEE-EEB)

. HFEPFERELYD. ARME-BREZHIC DT OELTLS (ARTE- BR#)
: fFEFEL\%DEﬁ%b%&%’EEAZO(7“&:5&L,’CL\%>(%ﬂéﬁﬁ-%&%)

. METHEILTCCHREBMICERIHIENTETSHGREMEZ D)

. FRAIELWBEEERZE>TUVS (EFORRATE)

10 BRDEZ%Z. XEZAWVWTEEICRITTHIENTEL(XEREN)
11.EYZEFOEEINFITOLTLD FREN)

12.BRZzHELT | MELGRBZRAERL_ENTES (FN)
13 MM EITIEES T - A A4 BT LM TES (HEF )

S w TP 7 1

kC)OO\IChSJ‘I-I>LJ\J|\)|—L




RFTOFEITHERIG2TINDETE—TD2

14. 9 CIZHEL SN TWSHRIZESHONT B DETERLHCENTES (FEN)
15.8F -85 - XEJ/SEMFEWNTITGL (BEEEEH)

16./3Va 5 E DBEISDEBIIER AL (/3 124)

17 . FHLLDMERDIBRIEEZZARYEH LOEMIZEZ L5ELTULVA (BT
18. ¢t =MEICEAILNH S (L EFERE)

19. AEBREDEDHYEWZELAH S (BRIRLE)

20. R D /NF— DR AT IZER LA B D (RIS )

21.8BEDAN RO CTEIZELIH D (FEREADEIL)

22. ADIBDAN=X LIZEIDLH B S (AR IE)

23. EYDLLAOEREIZEALLH D (EM~DEIL)

24 FBENEFIZDTAHLIBBIIZE AL TS (FBEADEL)

25. 5 RFFMIT ENIFETHS EFHA~DEID)
26.ELWVEDZEELET A EITEILAHD (EHADEIL)

27 ZEMGEREELZEIZEADNH D (BFEADBED)



j(—T—'CO)—T—"E'l-Z\§7Q~270)§§LOL\'CO)
#ﬁﬁﬁ\bﬂt&r%%xjﬁ FEDERERE
E) D&

1
08
0.6
04 A Ao
. W
0

RmXGxFREBHMABEHR DB AB NEEREERZEZXEST
EETMHREHGEEC WS MB ZFE \/EEJEE‘%'%F‘EEJ%fF%*JJ:EEWFEEJTfﬁEJJ;?é
DR DD ARDEBEEREE o e IR DO REBBR B X E§ EES

lEI:E,l :FJEU :FJEU = B gf\ ™ o~ -+ BF += :FHE' Hll ll\ BE i\ 4‘|‘T :FFﬁ IS DR RN
N = - = < 74 K= S5

oo LIS ML IS SV A
= N P aek B # {1 S i3
A = 1F

——HENLA-FEDERE(B2) S HEHNLA-DHEE(B1)




A history and overview of psychometricy

800

[Masl-:lelyne]
Gauss
Bessel
(The personal equation)
1850 Foch
echner
Quetaler {Psychnphysics}
HeIn'I:hnlz
f"ﬂundt
Galton — Cattell —— Scripture — Titchener
1900 / ~___— Binet | &
Burt Spearman = Goddard Wissler
u !
Thomson rerman Pgychological Scaling
Fac*tﬁ‘r\\\;ﬁa Measurement
WW II* ﬂAﬁﬁiygis/;’// M
1950 Adkins Tucker Gulliksen Horst Coombs

Fig. 1. Some of the important figures in the early history of psychometrics on an approximate timeline.
“Some of the participants in the World War T and World War II projects are listed in Table 1.
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Tukey (The Future of data analysis, 1962)MZ& A

23part: The Two Parts(Boiling Down,

Rotation): BFEIErDEEE . TR MIX I HEME
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jj—/f‘ (ij(%f&la\

24 regressmn regressionX MNIXEIZEALTD
ANFH#zEiRE=>(Yanai, 1970)

R= RXYRYY :{YX + (R RXYRYY RYX>
(Redundancy analysis,Wollenberg,1979)
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Factor Analvsis

Frerriser ¥oaraai crried A crveerrori ToFhiifooanwer
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Behavioral palterns in various situations are diverse. However. a carciual observation
shows that certain regularitics arc commoar. A1l of the factors that regulate hurman be-
havior arce hyvpothetical. These ftactors include intelligence and porsonality traits such
Aas introversion, extroversion, and cmotional anxiely:; socialogical factors such as sorcial
status and group cohesiveness: and political attitndes such as conscervaltism and innova-
tioT.

Factor analysis is a nualtivariate techmigoe designed to analyec correlations ammongs
miany abserved variables and o explore latent facltors. Factor analysis was developed by
the British psvchologist Charles Spearman in the early 20th cenlury as a technique tor
analyzing intclligence structures. L'oday, one can find many uscful applications of laclor
analvsis in diverse lields such as politics, sociology, education. Hoguistices, medicine.,
bialogy, anthropology, and engincoeringe.

Section 2 gives an overview of the evolulion of factor analysis [rom the early 20th
century 1o the present and a review ol applied research in variows liclds, Section 2 intro-
duces the factar analyvsis maodel, and Section 4 deals with statistical inlerence in factor

analwvsis. Scelion 5 covers various methods of factor rotation and estimation of factor
SO .

2, Historical devoelopment of Factor analy sis

2.0, Tihe one-foacror mrodel

In his pioneering papcer of 1904, Spearman calcualated correlation cocfficients among
six subjects (classics. French, English, mathematics, pitch discrimination, and muasical
talent)y based on thoe scores of tests administered o children between the ages of 9 and
13. As shown in Table 1, hirh corrclations can be found among the six subjecis. One
interpretation of a correlation coetficient is that its magnitude reflects the intensity of a
cormman canse of the variables. Lot sy ; denote e cormrelation coefficient beiwoeen Lhe
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1950 F£{{ Exploratory Factor Analysis
19605/ twobOASKRE(EIDE)
19705 K FRHF& RFIERMEAFOH

1990 H/IMN"FE FRALE(EFETMEDEERE)

20004 LL[% : confirmatory factor analysis
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One factor model——

1 2 3 4 5 [
1 Classics 1.00 .83 0.78 070 0.66 0.63
2 French 1.00 0.67 0.67 0.65 0.57
3 English 1.00 0.64 0.54 0.51
4 Mathematics 1.00 0.45 0.51
5 Pitch discrimination 1.00 0.40
6 Music talent 1.00

elements of the correlation matrix. It is given by

Ko T Gt Gkl Gk e k £ £)
T e L » F) : 3 i 2
Tk Tye g : tetrad

which can be transformed to the more convenient form

» 1987). If a positive-definite ma-
. diagonal form, then the minimum
v+ -5 P), Is one if and only if dafter sign
itts-elements are positive such that

Thus, if X is a covariance matrix of a one-factor model, then y; (i — 1, ..., p)is
determined by the elements of ¥ as
TikT i, :
Wy ':ﬂ'ﬁ_‘!?“!— G # j, ks j#k; o 7 0), (3.14)
ik

order minor of £ — ¥ that includes one diagonal

which is obtained by setting a second-

element, aii — Wi, equal to zera.
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Abstract

Factor analysis refers to a statistical model in which observed variables are condition-
ally independent given fewer hidden variables, known as factors, and all the random
variables follow a multivariate normal distribution. The parameter space of a factor
analysis model is a subset of the cone of positive definite matrices. This parameter
space 15 studied from the perspective of computational algebraic geometry. Grobner
bases and resultants are applied to compute the ideal of all polynomial functions
which vanish on the parameter space. These polynomials, known as model invari-
ants, arise from rank conditions on a symmetric maltrix under elimination of the
diagonal entries of the matrix. Besides revealing the geometry of the factor analysis
model, the model invariants also furnish useful statistics for testing goodness-of-fit.

M. Grzebyk, et al(2004) On Identification of
multi-factor models with correlated residuals,
Biometrika, 91

D.R. Cox & N. Wermuth(2002) On some models for
mutivariate Gausian distribution; Biometrika ,89(2)
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Factor score indeterminacy

We show that, for any set of A, &, and ¥, infinitely many different f and & exist that
satisfy (3.1)—(3.4). Under the factor analysis model, the linear regressions of f on X and
e on X are, in view of (3.6) and (3.7), given by SdA' T V(x — p) and vy 1(x — uw.
Multiplying w—1 A from the right on both sides of (3.3) and letting T' = AWTA, we
have

swIA = A, +®T)=Ad(@ " +T), (3.10)
from which we obtain
sla = w-lAd, + D)L= ¢ A(®~ 4+T) 07 (3.11)

Thus, the covariance matrix, AT LA®, of the linear regression of f on X can be
written as

dA'T ' A® =@r(® ' + 1)
— {';"(';'_1 -+ r} e m]("p_l -+ 1"}_1
=0 &' 10 (3.12)

which implies that the covariance matrix of the residuval, £ — SA'T H(x — p),is given
by (@ L +T)7 .

It can be verified that the factor analysis ‘model given by (3.1) to (3.4) holds by
replading f and € Wilh T and ¢, wirere !n

f=—dAT l(x—pn)+u, ¢ =wr l(x—pn)— Au,

Yanai & Ichikawa(2007)
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PSYCHOMETRIKA—VOL. 52, NO. 4, 555-564
DECEMBER 1987

A GENERALIZED METHOD OF IMAGE ANALYSIS FROM AN
INTERCORRELATION MATRIX WHICH MAY BE SINGULAR

HARUO YANAI

RESEARCH DEVELOPMENT DIVISION
THE NATIONAL CENTER FOR UNIVERSITY ENTRANCE EXAMINATION

Bisuwa NaTy MUKHER)JEE

COMPUTER SCIENCE UNIT
INDIAN STATISTICAL INSTITUTE

Following the works of Guttman (1953) and Kaiser (1976), we show that the image and
anti-image covariance matrices can be derived from a singular correlation matrix, by making use
of the orthogonal projector and a weaker generalized inverse matrix.

Key words: image variables, anti-image variables, arthogonal

projector, generalized inverse,
Moore-Penrose inverse,



The Sample Variance and Covariance
Matrices for Any Pair of

Matrices L., Z1 and Za .

| Z | Zy Za
Z R R—D D
| {
L1 R—D (R —DRR-D | D—DR™D
= R —2D+DR°D
!

Za D D—DR-D DR-D
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PSYCHOMETRIKA—VOL. 52, 130, 3, 317--332
SEPTEMDBER 1987
SPECIAL SECTION

FACTOR ANALYSIS AND AIC

HIigoTUGU AKAIKE

RN RS ER-O IS FATIECLC AL MATHEMATICS

The information criterion AIC was introduced Lo ?Jltﬁﬂ.d the method of maximum llke].:ha&:nd
to the multimodel situation. It was obtained by reluting the successful expericnce of the Inr Er
determination of an autoregressive model to the determu-.:ath?n L:lf the number of l‘a‘ct::rrs n the
maximum likelihood factor analysis. The use af Lthe AIC criterion in the factor analysis is parﬂ;u;
larly interesting when it is viewed as the choice of a Bayesian model. This nb_sFrvatinn shows tha
the aresa of application of AIC can be much wider than the Wn\fﬁt}ilﬂﬂﬂl iid. type models on
which the original derivation of the criterion was based. The observation of IEhn Bayesian atr_uctu;a
of the Factor analysis model leads us to the handlil_mg of the problem of improper solution by
introducing a natural prior distribution of factor loadings.

Key words: factar analysis, maximum likelihood, informution criterion AIC, improper solution,
Baycsian modeling.

This is exactly the likelihood function used in the conventional maximum likelihood
factor analysis. Thus the maximum likelihood estimates of 4 and ¥ in the classical sense
are the maximum likelihood estimates of the unknown parameters of a Bayesian model.
The above result shows that the AIC criterion defined for the factor analysis model is
actually the ABIC criteriocn for the evaluation of a Bayesian model with parameters

estimated by the method of maximum likelihood, where ABIC is defined by (Akaike,
1980)

ABIC = (—2) maximum log likelihood of a Bayesian model

+ 2 (number of estimated parameters).

In the case of the factor analysis model we have

ABIC = AIC.
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An Algorithm for SIMPLIMAX Rotation

The problem to be solved by SIMPLIMAX rotation is that of finding the truly
simple target matrix with p zero elements that can be approximated best by a rotated
pattern matrix (the “*best’”” simple target). If the position of the zero elements were
known, we would deal with the situation handled by Lawley and Maxwell (1964),
Joreskog (1965), Gruvaeus (1970), Browne (1972b) and Kashiwagi (1989). However,
none of these procedures determine which elements should be taken zero. In
SIMPLIMAX, we do not only need to perform a target rotation, but also to determine
the best positions of the zero elements (i.c., those leading to the best simple target).
Explicitly, let P(m X r) be a given (orthogonal) pattern matrix, 7(r X r) the pattern
transformation matrix, and G a target pattern matrix which has at least p zero clements.
Then, SIMPLIMAX minimizes

o(T, G) = |PT - G||?, (1)

over T subject to Diag (T""l T-'"y = I, and over all matrices G that have p Zero
elements and (mr — p) arbitrary elements. Note that the target employed here differs
from the one used in Promax in that it has many elements that are exactly 0 rather than
close to zero, and in that it is determined through the minimization process itself rather
than in advance.

Mo Lbaesdlealbl sk oees el ol slaadl cn s o oo oon oy i e J nos



Although the Promax approach is appealing, it has al [Cast IW0 UrdWUOdLKs, rusuy,
(he matching procedure by Hendrickson and White (1964) is not optimal subject to the
constraint Diag (T ~I7-1"y = [, This constraint is enforced only after the target rota-
tion is computed. Secondly, the procedurc for obtaining 1_he target depends on flndmg
a good simple structure of the patlern n advance. Uxipg just an orthomax rcrtgtmn, or
even iterative promax procedurcs like the one by Digman (1966; see Mulaik, 1972,
op. 302-304) may produce a useful target pattern, but these pruucduraﬁ_ do nn:ﬂ'T guar-
antee to yicld, either the most simple target, or, among 4 set of equally simple targets,
that target that can be apptoximated best by 4 rotated pattern. e
b oo Donan e neencs o madification of the Promax procedure in which
2 simole target matrix and the target rotation are found simuftancously. As pointed out
by anp anun?nmua reviewer, a similar approach has been dmff:}uped earlier by(Shib>
@ although that study is restricted to orthogonal rotations. Unforlunately, no
siureds describing this method scem to have appearcd in English. In 1h¢. nresent paper,
it is proposed to find among all simple targel matricas: that I:::a‘wr.: Ia.'speclﬁnfd number of

PN I o

L

H.A.L.Klers(1994) Simplex:Obligue Rotation to an optimal target with simple
structure, Psychometrika, 59,567-579



T L L T R s e
1. 2 A~FEsE T = 2 T AT A ER f‘ _}‘;‘?

10. 4 A= g 7 = & S o T AApEs

= : ey T Ak e — AT LR S f, 2 2 2 I L 5 Ay B
FeES/F oo, Sydhv L X D A S EE SO HI oo BEIMAR S oo v s T md T BT e P B O S T IS
TR A ., - v S 2 P e ESh e T A 5D . Sl o Y Feali mgEE s apl i ot F V-1 = 13 B B B e = ey
FTFFUHAI T H L AL DS A0 T aHh D, A1, IEEEco s -FF o0 SRS, ST
L. D & 4 S fyerdF = Tio—2v~T, EFEECOT-AHAY-O5 < &2 vy D D & bkde Lo
Faalm e &, S8 < oIS T R oo —FR I R ST < TR O o An e W R SE. IR AREEE
FEF 5 dh o T &S, F o B D Ao 2 F oo oo FRARL 4. Ae < AR ERET EE T R A FiE o0 D
T T SE A LoD T, F AL G R RREBD) IR A A A 2D T e A <, BFEE D —
FR OB NN T SR Ao FERSE L T AaEAD A, - o s FL S 2 BRI ov .

= 2, EEAE A {EERAYE L A e R S T At T S =S S Aol e A B
1 & & L, 8 & THHausafSs i L 72a7m v filbieo B R oo FHE & 85 2 fH &= 4 =5 2 S o,

e

o e e

HAME &= L, E-TF-sSawrTTF
A, == @12 Wz -y CIO =228
<A 2 .:..rzﬂ.l ca-:;;.z -f.ﬂ:.ﬂ:;m
i eTrea b

AT E AL AT S 5L RHI - o uvs T iR AT FE T RERE C©, - HHED 3 =2 T 2 AR T
= S S, T Frdsod, i T 35S L FHL oD K] i R r s Fl o sl L T oo S T e I TF DS T TR
¥ E-am A -, [Eldm oo e o o7 50] I & 4, 2 o TS . C AL E . s To, 5
1 #H, 2 2 #HcZEE RS D s T [EF oo E8E R S T oo, 57 L. € & S FL D BRI a FATeT

FrZu
Fr, j:l: A, | L0 =290
L= LA

o o P e R B = = -1 = [0 S il B et ol ol = B f et = Sy N e iy =y e e 0 | e St G e
ST 3 B e T Y s O W 2D . ERElSESs TR OSSN Y 2 Sl e RS S o B D
-SRI = I s E A s s o L T e g - g o 2O 2 AR A 0K



5.1.6. Standard errors of rotated factor loadings
One difficulty in finding standard error formulae for the rotated loadings b;;. is that not
only the unrotated loadings «;; but also the rotation matrix itself are functions of the
data. However, approximate standard errors of the rotated loadings can be obtained by
using the delta method from the covariances of the unrotated loadings and the partial
derivatives dby /0a y of the rotated loadings with respect to the unrotated loadings. For-
mulae for the exact derivatives were given, through the use of implicit differentiation,

by Archer and Jennrich (1973) for orthogonal rotation, with emphasis on the orthomax
family and by Jennrich (1973) for oblique rotation using the generalized Crawford-
Ferguson family, which includes the oblimin family. Using a matrix approach, Hayashi
and Yung (1999) gave formulae for exact derivatives of orthomax rotated loadings with

or without row nomalization.

Because an analytically rotated loading matrix optimizes a corresponding function, it
satisfies certain conditions, Hence, the maximum likelihood estimates of the analytically
rotated loadings are constrained maximum likelihood estimates and their asymptotic

standard errors can be oblained by inverting an augmented information matrix (Jennrich,
1974). See alsl; Oeasawara {'1995].|Df course, the standard errors of rotated loadings
can be evaluated using the bootstrap or jackknife methods. Cudeck and O’Dell (1994)

FIEWe S€ Ol Standard oItor ceUnnies, M paricuar tose ed [Oangs, 11
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